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a b s t r a c t
We present a convergence–divergence test for series of nonnega-
tive terms. Our proof is elementary, and yet we show examples of
application to some apparently difficult cases.
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This short note starts from two results, at first glance perhaps surprising:
(i)
∞−
n=1
1
n2+cos n
= ∞, (ii)
∞−
n=1
1
n

2+ cos n
3
n
<∞.
Case (i) has been recently addressed, in [1], where the authors give a proof that was (in their own
words) at the frontier between analysis and number theory. Case (ii) apparently originated in a curious
way: it was proposed in a calculus exam by mistake, and remained open for a long time thereafter. A
solution was devised only ten years later [5], once again by means of quite sophisticated tools.
We give here a sort of condensation method applicable, in principle, to any series of nonnegative
terms
∞−
n=1
an (S)
even when the sequence an fails to be monotonic. We subsequently apply the result to the above-
mentioned examples, showing that there is no need to invoke deep number-theoretic properties ofπ .
Indeed, irrationality alone suffices for (i), whereas for (ii) it is enough to know that π is not a Liouville
number, i.e. its irrationality measure is finite, no matter how large.
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1. The abstract result
Notation. The symbols n,m, p, κ will denote elements of N = {1, 2, . . .}. Closed intervals are taken
in N as well. Finally, cn is a given sequence satisfying
∑∞
n=1 cn <∞.
Theorem. The following convergence–divergence test holds.
(c) The series (S) converges if {nan} is a bounded sequence and there exist ϱ, ϑ ≥ 0 and ε ∈ (0, 1] such
that
card{p ∈ [1,m] : an+p > cn} ≤ ϱm1−ε
for every m large and every n ≥ mϑ .
(d) The series (S) diverges if there exist ω > 0 and λ ≥ 0 such that the inequality
max
p∈[1,m]
aκm+p ≥ ω
(κm+m)1+λ/m
holds for infinitely many m and every κ .
Proof of (c). Without loss of generality, we can assume that
an ≤ 1/n, ϱ = 1, ε < 1, ϑ ∈ N.
Then, for everym ≫ 1 and every κ ≥ mϑ−1, the quantities
A(κ,m) =
m−
p=1
aκm+p and C(κ,m) =
m−
p=1
cκm+p
satisfy the inequality
A(κ,m) ≤ C(κ,m)+
⌊m1−ε⌋−
p=1
1
κm+ p ≤ C(κ,m)+
1
κmε
.
Choosingm1 ≫ 1, we define by recursion the sequence
mı+1 = mı

1
mı
expmε/2ı

,
which is easily seen to be strictly increasing. Furthermore,
mı > ı4/ε, ∀ı ∈ N.
Indeed, given any ı⋆ ≫ 1, the above inequality is clearly true for every ı < ı⋆, up to takingm1 suitably
large. Besides this, ifmı > ı4/ε for some ı ≥ ı⋆ ≫ 1, we get
mı+1 ≥ expmε/2ı −mı > exp ı2− ı4/ε > (ı+ 1)4/ε.
Therefore, defining q = mϑ1 + 1 and considering the intervals
Kı = [mϑ−1ı ,mϑı+1/mı − 1],
we can write (S) in the form
∞−
n=1
an =
q−1
n=1
an +
∞−
n=q
an =
q−1
n=1
an +
∞−
ı=1
−
κ∈Kı
A(κ,mı),
where, in light of the previous discussion,
∞−
ı=1
−
κ∈Kı
A(κ,mı) ≤
∞−
ı=1
−
κ∈Kı
C(κ,mı)+
∞−
ı=1
−
κ∈Kı
1
κmεı
.
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The first term in the right-hand side reads
∞−
ı=1
−
κ∈Kı
C(κ,mı) =
∞−
n=q
cn <∞.
Concerning the second one, estimating the sum
−
κ∈Kı
1
κmεı
≤ 1
mεı
mϑı+1−
κ=1
1
κ
≤ ϑ logmı+1
mεı
and observing that logmı+1 ≤ mε/2ı , we end up with the bound
∞−
ı=1
−
κ∈Kı
1
κmεı
≤
∞−
ı=1
ϑ
mε/2ı
≤
∞−
ı=1
ϑ
ı2
<∞. 
Proof of (d). There is no harm in assuming λ > 0. For any m for which the inequality holds, the tail
of the series
tm =
∞−
n=m+1
an =
∞−
κ=1
m−
p=1
aκm+p
fulfills the following estimate from below:
tm ≥
∞−
κ=1
max
p∈[1,m]
aκm+p ≥ ωm1+λ/m
∞−
κ=2
1
κ1+λ/m
≥ ω
λ(2m)λ/m
.
Since this occurs for infinitely manym, we reach the conclusion that
lim inf
m→∞ tm ≥ ω/λ > 0,
incompatible with the convergence of (S). 
2. Application to (i) and (ii)
For α ∈ R, the distance between αˆ = α-mod2π and 0 on the torus [0, 2π) is given by
‖α‖ := min{αˆ, 2π − αˆ} = min
z∈Z |α − 2πz|.
Two facts will be needed: the first one depends only on the irrationality of π , whereas the second is a
consequence of π not being a Liouville number (see Appendix).
F1. There are infinitely manym for which
{p ∈ [1,m] : ‖α + p‖ ≤ 2π/m} ≠ ∅, ∀α ∈ R.
F2. There exist ℓ ≥ 1 and ν > 0 such that
‖n‖ > ν n−ℓ, ∀n ∈ N.
Proof of (i). Defining
an = n−2−cos n,
select anym ≥ 4π2 complying with F1. Then, for every s ∈ N, the implications
‖s+ π + p‖ < 2π/m ⇒ ‖s+ π + p‖ < 1/√m ⇒ 1+ cos(s+ p) < 1/m
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hold for some p = p(s) ∈ [1,m]. Accordingly,
as+p ≥ 1
(s+ p)1+1/m ≥
1
(s+m)1+1/m .
Choosing s = κm, we meet the hypotheses of the divergence test (d) with ω = λ = 1. 
Proof of (ii). Consider the sequences
an = 3−n(2+ cos n)nn−1 ≤ n−1 and cn = n−2.
When n ≥ m1+2ℓ ≫ 1 and p ∈ [1,m], it is not hard to verify that
an+p > cn ⇒ ‖n+ p‖ ≤ ν/2mℓ.
Consequently, there is at most one p ∈ [1,m] for which an+p > cn for n,m fixed. Indeed, whenever
p1, p2 verify the inequality, we deduce the estimate
‖p1 − p2‖ ≤ νm−ℓ.
At the same time, if p1 ≠ p2, we learn from F2 that
‖p1 − p2‖ ≥ ν|p1 − p2|−ℓ > νm−ℓ.
In conclusion, the convergence test (c) applies with ϑ = 1+ 2ℓ and ϱ = ε = 1. 
Remark. In neither case is the general theorem used in its full strength. We may also observe that
both results remain the same (as well as the proofs) when cos n is replaced by cos(n + φ) with
φ ∈ [0, 2π).
Appendix
For the reader’s convenience, we sketch the proofs of F1 and F2.
Proof of F1. Given an irrational number x > 0, the celebrated Dirichlet approximation theorem1
ensures the existence of infinitely many irreducible fractions r = n/m satisfying
0 < |1− xr| < x/m2.
Choosing x = 2π , select any of those r = n/m and suppose that 2πr < 1 (the other case being
completely analogous). Then, for an arbitrarily fixed α ∈ R, there is q ∈ [1,m] such that
2π − αˆ ∈ Iq :=

2π(q− 1)
m
,
2πq
m

.
Making use of the straightforward identity
‖α + p‖ = ‖pˆ− (2π − αˆ)‖,
the claim follows by exhibiting p ∈ [1,m] with pˆ ∈ Iq. Indeed, for every p ∈ [1,m], the above
inequality yields
2π(q− 1)
m
< p− 2π(np+ 1− q)
m
<
2πp(1+mq−m)
m2
≤ 2πq
m
.
Since n andm are relatively prime and q ∈ [1,m], we can find p ∈ [1,m] such that np+ 1− q = zm
for some z ∈ Z, so obtaining
p− 2πz ∈ Iq ⇒ z = ⌊p/2π⌋ ⇒ p− 2πz = pˆ. 
1 A quite direct consequence of the pigeonhole principle (see e.g. [2]).
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Proof of F2. The irrationality measure of π is by definition the smallest µ ≥ 2 such that
|π − τ | > m−µ−δ, ∀δ > 0,
for all τ = z/m ∈ Q with m > 0 large enough. It is well known that µ < ∞, which is the same as
saying that π is not a Liouville number.2 Accordingly, fixing ℓ > µ − 1 and choosing τ = n/2m, we
get
|n− 2πm| > νm−ℓ, ∀n, m ∈ N,
for some ν > 0 suitably small. Whenm ≤ n, this readily gives
|n− 2πm| > νn−ℓ.
But such an inequality remains trivially true if m > n, where |n − 2πm| > 5, as well as if we take
m ≤ 0. Summarizing, every n ∈ N fulfills the lower bound
‖n‖ = min
z∈Z |n− 2πz| > νn
−ℓ. 
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